We derive a generic identity which holds for the metric (variational) energymomentum tensor under any field transformation in any Lagrangan field theory. The identity determines the conditions under which a symmetry of the Lagrangian is also a symmetry of the energy-momentum tensor. With the aid of this identity we solve the long-standing puzzle of why the energy-momentum tensor for the linear massless gauge invariant spin-two field is actually gauge dependent. It turns out that this is a generic feature of gauge fields with spin larger than one, rather than being peculiar to spin-2 fields. Next we prove a no-go theorem: a linear, gauge-invariant spin-2 field, which is dynamically equivalent to linearized General Relativity, cannot have a variational energy-momentum tensor which is gauge-invariant. This implies that attempts to define the notion of gravitational energy density in the framework of a field-theoretical approach to gravity must fail.
Introduction
The principle of gauge symmetry is one of the cornerstones of modern fundamental physics. According to this idea, if two physical states are connected by a gauge transformation they can be in no way physically distinguished and actually are the same physical state. This implies that each measurable physical quantity which may be used in an experiment to determine the state is gauge invariant. Yet various gauge dependent potentials, which are essential for constructing gauge field theories, are merely auxiliary quantities as they cannot be experimentally determined (are nonmeasurable) 1 . Energy is one of the most significant, both theoretically and experimentally, physical quantities in any field theory. The lesson we have learnt from Einstein's General Relativity is that the adequate description of energy and momentum of any kind of matter and field, except for the gravitational field itself, is in terms of the variational (with respect to the spacetime metric) energy-momentum tensor. A conventional wisdom in General Relativity says that due to the Equivalence Principle gravitational energy and momentum densities are nonmeasurable quantities. Only the total energy and momentum (e.g. the ADM four-momentum) for special gravitational fields (vanishing at infinity) are meaningful notions. Nevertheless since the very advent of General Relativity there have been numerous attempts to construct a local concept of gravitational energy. An important line of research in this direction is provided by the field theory approach to gravitation, according to which gravity is just a tensor field existing in Minkowski space, which is the spacetime of the physical world (for a historical review see [1] ). In these theories of gravity the metric energy-momentum tensor again serves as the most appropriate local description of energy for the field [2] .
There is rather no doubt that all possible theories of gravity should dynamically coincide in the weak-field approximation, i.e. be dynamically equivalent to the linearized (around Minkowski space) General Relativity. And the latter theory is gauge invariant.
In the well confirmed gauge theories of particle physics the metric energy-momentum tensors for the gauge fields are all gauge invariant. This may arouse a conviction that this is a generic feature of any gauge invariant theory. However this is not the case. In general the metric energy-momentum tensor does not inherit the gauge-independence property of the underlying Lagrangian. The most important example is linearized General Relativity. This theory is dynamically equivalent to the linear massless spin-two field, whose metric energy-momentum tensor is gauge dependent [3] . This is why a naive attempt to define gravitational energy density via the massless spin-two field has failed. Then two related problems arise. Under what conditions does the metric energy-momentum tensor in a gauge invariant theory lose this symmetry? Is it possible to construct a field theory of gravitation with a gauge-invariant energy-momentum tensor?
In the present paper we solve the first problem by showing that whenever a gauge transformation depends on the spacetime metric, the energy-momentum tensor may be gauge-invariant only for solutions of the Lagrange field equations. Actually the solution of the problem is far more general and applies to any symmetry of the field Lagrangian; a gauge symmetry is merely a very special case of the generic situation. It turns out that if a symmetry of the field Lagrangian holds only in flat spacetime and is broken in a general curved spacetime, then the symmetry is broken for the energy-momentum tensor even in Minkowski space. This result elucidates what occurs to the gauge-invariant spintwo field. Then we use this outcome to solve the second problem. We prove a no-go theorem: if in the weak-field approximation gravity is described by a gauge-invariant, linear, symmetric tensor field ψ µν and the energy-momentum tensor contains no higher than second derivatives of ψ µν , then the energy density cannot be gauge independent. If the assumptions are valid, then no meaningful notion of gravitational energy density can exist.
The paper is organized as follows. In section 2 we present the relevance of the problem for gravity. The best, according to our knowledge, field-theoretical approach to gravity, given in a recent work by Babak and Grishchuk [2] , gives rise to a metric energy-momentum tensor which is gauge dependent in the linear approximation to the theory. In section 3 we derive a generic identity for the metric energy-momentum tensor, valid in any Lagrangian field theory in a curved spacetime for an arbitrary field transformation (symmetry or not). For a symmetry transformation of the Lagrangian the identity reveals that the energy density inherits the symmetry property provided the field equations hold. In section 4 we return to describing weak-field gravity as a gauge invariant massless spin-two field in Minkowski spacetime and prove, employing the identity, that its energy-momentum tensor must depend on the gauge. In section 5 we prove the no-go theorem for this approach to linear gravity: there exists no gauge invariant (in flat spacetime) Lagrangian for a spin-two field which generates a metric energy-momentum tensor which is gauge independent too. Conclusions are contained in section 6.
2 Energy density in a field theory of gravitation.
In an interesting paper, Babak and Grishchuk [2] introduce an energy-momentum tensor for the gravitational field having, among others, the following desirable properties for this quantity: it is a conserved symmetric tensor unambiguously derivable from a given Lagrangian and free of the second derivatives of the field. This result is obtained in a field-theoretical approach to gravity, i.e. gravity is described as a nonlinear field theory in Minkowski spacetime. Such an effective theory loses many advantages of a purely geometric description of gravity, e.g. of Einstein's General Relativity, nevertheless it may be useful in practical applications. Gravity is then represented by a symmetric tensor field h µν in flat spacetime. According to [2] one introduces an auxiliary tensor field g µν as follows:
where γ µν is Minkowski metric (in arbitrary coordinates), and γ and g are determinants of the covariant tensors γ µν and g µν ; here, g µν is the inverse matrix to g µν , i.e. g µα g αν = δ ν µ . In this framework, it is not needed to interpret g µν as the metric of physical spacetime 2 . The Euler-Lagrange equations for h µν , under the appropriate choice of the Lagrangian L(γ, h), can be expressed in terms of the auxiliary field g µν as follows:
where R µν is the Ricci tensor defined in the standard way from the (nonsingular) tensor g µν . Thus, the nonlinear field theory for h µν in Minkowski space is dynamically equivalent (on the level of field equations) to Einstein's theory in vacuum for g µν . The Lagrangian generates, as usual, two energy-momentum tensors: the canonical one, denoted by t µν can (h), and the variational one, usually named metric energy-momentum tensor or stress-energy tensor :
(the signature is − + ++), which are conserved. It is worth noting that taking the variation with respect to the metric tensor is a purely formal operation in any field theory in flat spacetime and from the physical viewpoint (in the framework of that theory) it is meaningless. It is like taking a limit in the spacetime dimension while assuming that the dimensionality of the physical spacetime is four. Physically, the operation makes sense upon assuming that the metric is a dynamic quantity possessing its own physical degrees of freedom; clearly it could be invented only after the advent of General Relativity. In fact, one must assume that the field Lagrangian is meaningful (unambiguous) for an arbitrary (i.e. curved) metric and that the variation alters the spacetime, otherwise the variation of the metric components would merely represent a coordinate transformation (which would depend on 4 independent functions instead of 10) and it would be impossible to recover the stress tensor. One then evaluates the variation at the "point" representing the flat spacetime. In this sense, any field theory in Minkowski spacetime is not self-contained. Both the Lagrangian and the two energy-momentum tensors are quadratic in the "velocities" h µν ;α (we emphasize that the connection is the flat Minkowski one and not the Levi-Civita connection of g µν ) and highly nonlinear in the field itself; furthermore, t µν depends linearly on the second derivatives h µν ;αβ . As for any field theory, the conservation laws hold true if energy and momentum are described by any tensor of the form t µν + Φ µν or t ;ν identically or due to the field equations. Additional terms Φ µν or Ψ µν are then used to get a unique energymomentum tensor with desired features. Upon using the field equations for h µν (which are equivalent to (2) ) and a (unique) suitable expression for the superpotential Φ µν one arrives at a symmetric tensor T µν which is conserved and free of second derivatives h µν ;αβ . According to the authors of [2] , T µν (h) is the correct energy-momentum tensor for the gravitational field (it is unnecessary to present here its lengthy expression).
Any effective theory should be first of all applicable in the weak-field limit, where the equations of motion are linear while an energy-momentum tensor is quadratic in the field and in its derivatives. In the linear approximation to the above theory one applies, as usual, Cartesian coordinates, then γ µν = η µν , and sets |h µν | ≪ 1. The equations of motion (2) reduce then to
with 2 ≡ η αβ ∂ α ∂ β and h ≡ η αβ h αβ . In this approximation,
On the other hand, in the standard formulation of linear perturbation theory around Minkowski spacetime in General Relativity one expresses the spacetime metric as
and Einstein equations in vacuum,
being the linearized Einstein tensor. By identifying the two g µν 's one gets that h µν is a linear function of the metric perturbation,
and upon substituting this into (4) one gets
Thus, (7) provides in the linear approximation the correspondence between the linearized version of the field theory of [2] and the standard linear general-relativistic theory of gravitational radiation 3 . This correspondence is clearly a crucial test of viability for any effective gravity theory.
Linearized General Relativity is gauge invariant, and so is the linearized theory of [2] : if for an arbitrary vector field ξ µ we set the gauge-transformed field to be
3 The standard notation would actually be the opposite: in [4] , h µν and ψ µν are defined to be the quantities that we denote here, respectively, by ψ µν and −h µν .
(taking into account (7)); then both the lowest-order term of the Lagrangian,
and the field equations (4), which follow from it, are gauge invariant:
Actually, L (2) is (when expressed in terms of the metric perturbation ψ µν instead of h µν ) the Lagrangian of linearized General Relativity and is equal to − 1 2 times the Wentzel Lagrangian for a massless spin-2 field in flat spacetime (see section 4).
The gauge invariance indicates that the field h µν is a gravitational potential rather than a measurable quantity. Yet the energy-momentum tensor found in [2] , which in the linear approximation reads
is not gauge invariant 4 . Also the canonical stress tensor t µν can is gauge dependent. Hence, if one adds to the six conditions listed in [2] (as the only conditions "that we could demand from an acceptable energy-momentum object, both on physical and mathematical grounds") a further condition which also seems physically unavoidable, namely that the energy-momentum tensor should have the same gauge invariance as the field equations, then we conclude that there is still no known physically acceptable notion of gravitational energy density in any gravity theory which coincides with General Relativity in the weak field limit 5 . Of course, this does not mean that in linearized General Relativity there are no conserved tensors which are gauge invariant, symmetric and quadratic in (second) derivatives of fields, which to some extent may play the role of energy density. The famous Bel-Robinson superenergy tensor [5] is the best example.
While one is familiar from the case of Maxwell electrodynamics with the fact that the canonical energy-momentum tensor in a gauge invariant theory may be gauge dependent, it may seem, at first sight, rather surprising that also the variational stress tensor 4 We also note that the trace T µ µ = 0, contrary to what one might expect for a massless field from scale invariance. T µ µ does not vanish even in the harmonic gauge h µν ,ν = 0 = h. 5 In an earlier work [6] it is shown that the field-theoretical formulation of General Relativity in a Minkowski background does not provide a gauge invariant energy-momentum tensor, but the authors do not regard this fact as a defect of their approach.
may not be gauge invariant. Actually, this is a generic feature of many field theories, rather than being peculiar to a field theory of gravity. This gauge dependence arises whenever a gauge transformation involves the spacetime metric, unless the stress tensor is explicitly evaluated for a solution of the Lagrange field equations. This is shown in the next section.
3 Transformation of the metric stress tensor under a field redefinition
Let φ be a dynamical field or a multiplet of fields with a Lagrangian density
residing in a curved spacetime with a (dynamical or background) metric g µν ; for simplicity we assume that L does not depend on second and higher derivatives of φ. Let φ = ϕ(φ ′ , ξ, g) be any invertible transformation of the dynamical variable, which in general involves the metric tensor 6 and a non-dynamical vector or tensor field ξ and its first covariant derivative ∇ξ. Under the change of the dynamical field one sets
The variational stress tensor is defined by (signature is -+++)
here div means a full divergence which plays no role and is usually dropped; we will mark its presence from time to time to display an exact equality. In evaluating the variation in eq. (12) one assumes that φ is a fundamental field, i.e. is not affected by metric variations, δ g φ = 0. This is the case of the vector potential (one-form) A µ in electrodynamics while A µ is already metric dependent with δ g A µ = A ν δg µν . Hence, in evaluating δ g L one takes into account only the explicit dependence of L on g µν and g µν,α (or covariantly, on g µν and Γ α µν ).
The transformed Lagrangian generates a new stress tensor for the new field,
To evaluate T ′ µν (φ ′ , ξ, g) one assumes that the appropriate (covariant or contravariant) components of the field ξ are metric independent, i.e. δ g ξ = 0, while metric variations of the new dynamical field φ ′ are determined by the inverse transformation
We denote this variation by δ ϕ φ ′ to emphasize that φ ′ and g µν are not independent fields: the value φ ′ (p) at any point p depends both on φ(p) and g µν (p). Any scalar or tensor function f (φ ′ , ∇φ ′ , g) depends on the metric both explicitly (including the connection Γ) and implicitly via φ ′ , therefore its metric variation is determined by the substantial variational derivative δ g ,
Here δ g f is the ordinary variational derivative taking into account only the explicit metric dependence of f , i.e.
To compute δ g ∇φ ′ one writes symbolically ∇φ ′ = ∂φ ′ − φ ′ Γ (assuming that φ is a covariant tensor) and recalling that δ g does not act on φ ′ one gets
On the other hand the variational derivative δ ϕ takes into account the metric dependence of f via φ
with δ ϕ φ ′ given by (14) and
thus δ ϕ commutes with the covariant derivative ∇. For a function f (φ, ∇φ, g) the operators δ g and δ g coincide, i.e.
where
Accordingly, δ g on the l.h.s. of eq. (13) should be replaced by δ g .
The identity (11) , which is valid for all φ, g µν and transformations ϕ, implies
what in turn implies the crucial equality
in general the two tensors depend differently on their arguments. We are interested first in finding out a generic relationship between T µν (φ, g) and T µν (φ ′ , g) and then in its reduced version in the case of a metric-dependent symmetry transformation φ = ϕ(φ ′ , ξ, g) with a specific ϕ. To this end we explicitly evaluate
) from the definition (13) and then apply the equality (23). It is convenient to write the transformed Lagrangian as a sum
this is a definition of ∆L ′ (φ ′ , ξ, g). This splitting allows one to obtain T µν (φ ′ , g) upon applying δ g to eq. (24). It is furthermore convenient to make the inverse transformation in the term ∆L ′ , then
and this is a definition of ∆L(φ, ξ, g). Then eq. (24) takes the form
The Lagrange equations for φ arising from L(φ, g) are
the tensor E(φ) has the same rank and symmetry as the field φ, and the definition (12) provides the energy-momentum tensor for φ,
We can now evaluate T ′ µν (φ ′ , ξ, g):
Here from eqs. (15), (16) and (18)
and the first square bracket contributes to T µν (φ ′ , g) while the second one is equal, after applying (19), to
Employing (20) one has δ g ∆L(φ, ξ, g) = δ g ∆L. Then employing eqs. (28), (27) and (23) and dropping a full divergence one arrives at the fundamental relationship
This is an identity valid for any field, Lagrangian and any field transformation. The two terms containing ∆L can be written together as
The transformation φ → φ ′ is a symmetry transformation of the theory (of the
or is zero. According to the proposition "the metric variation of a divergence is another divergence", adding a covariant divergence to L(φ, g) does not affect the variational stress tensor; in a similar way one shows that the variation with respect to the dynamical field φ of a full divergence gives rise to another divergence, thus the Lagrange field equations remain unaffected too. The equality
should hold identically for a symmetry independently of whether the field equations are satisfied or not. It is worth stressing that we impose no restrictions on the transformation ϕ and on possible symmetriesthey should only be continuously (actually smoothly) depending on a set of parameters corresponding to a set of scalar functions or to the componenets of a vector or tensor field ξ; discrete transformations, like reflections, are excluded. Thus gauge transformations we are aiming at in this paper form a special case of a generic situation. However the indentity (30) and its consequences are nontrivial only when the transformation ϕ depends on the spacetime metric (possibly through covariant derivatives of the field ξ). For any symmetry the identity (30) reduces to
since for ∆L = div ≡ ∇ α A α (φ, ξ, g) one has
and the divergence is discarded. As a trivial example, consider Maxwell electrodynamics.
Here φ = A µ , φ ′ = A µ + ∂ µ f with arbitrary f ; since the gauge transformation is metric independent, δ ϕ φ ′ = 0. Then the term E(φ ′ )δ ϕ φ ′ = ∇ ν F µν δ ϕ φ ′ vanishes giving rise to the gauge invariance of T µν independently of Maxwell equations. A nontrivial example is considered in the next section.
Since the term E(φ ′ )δ ϕ φ ′ is different from zero in general (i.e. for fields not being solutions and for metric-dependent symmetry transformations), one arrives at the conclusion: the metric energy-momentum tensor for a theory having a symmetry (e.g. a gauge invariance) does not possess this symmetry. The symmetry implies that
i.e. replacing φ by φ ′ in the Lagrangian alters the action
by at most a surface term. Yet the associated integral
does depend on the transformation (is gauge dependent). It is only for solutions, E(φ ′ ) = E(φ) = 0, that the energy-momentum tensor does possess the same symmetry, T µν (φ ′ , g) = T µν (φ, g). In physics one is mainly interested in quantities built up of solutions of equations of motion, but from the mathematical viewpoint it is worth noticing that the symmetry property is not carried over from S to δ g S.
Linear massless spin-2 field in Minkowski space
In gauge theories of particle physics the field potentials are exterior forms since the fields carry spin one. Then the gauge transformations are independent of the spacetime metric and the identity (32) implies gauge invariance of the stress tensor for arbitrary fields, not necessarily being solutions to the field equations. Yet it is characteristic for gauge theories that for integer spins larger than one a gauge transformation necessarily involves covariant derivatives of vector or tensor fields [7] , giving rise to gauge dependent energy-momentum tensors. However the gauge symmetry in these theories holds only in flat spacetime (more precisely, the Lagrangians are gauge invariant only in Minkowski space, while Lagrange field equations are gauge invariant in empty spacetimes, i.e. for R µν = 0) and disappears in a generic curved one. Yet the stress tensors are gauge dependent even in Minkowski space. This case is comprised in the generic theory developed in the previous section, identity (30) , but this case is rather misleading and confusing and because of its relevance for gravity it deserves a separate treatment.
We illustrate the effect in the case of spin-two field ψ µν = ψ νµ . Any Lagrangian L(ψ µν , ψ µν;α , g αβ ) generates equations of motion of the form
and the expression (28) for the stress tensor reads now
Let L be gauge-invariant under ψ µν → ψ ′ µν ≡ ψ µν + ξ µ;ν + ξ ν;µ in flat spacetime. Using covariant expressions in Minkowski space (coordinates need not be Cartesian ones) this symmetry implies that
for some vector A α provided that the covariant derivatives commute, ∇ µ ∇ ν = ∇ ν ∇ µ , i.e. R αβµν (g) = 0. In a generic curved spacetime the "gauge" transformation is no more a symmetry since
with div denoting a full divergence while ∆L is a sum of terms proportional to Riemann tensor. For δ g ψ µν = 0 = δ g ξ µ one gets for this gauge transformation
In this case the fourth term in the identity (30) reads
and discarding the full divergence arising from δg µν ;α one arrives at the following explicit form of (30) for the linear massless spin-2 field ψ µν ,
We recall that this identity is valid only for the transformation ψ ′ µν = ψ µν + 2ξ (µ;ν) . One is interested in evaluating this identity in flat spacetime, R αβµν (g) = 0, what will be symbolically denoted by g = η (though the coordinates used are curvilinear). One has ∆L| g=η = div while δ g ∆L| g=η = 0. In fact, ∆L is a sum of terms of the form t αβµν R αβµν where t αβµν is made up of ψ µν , ψ µν;α , ξ α , ξ α;µ and ξ α;µν (see eq. (52) below). Then δ g t αβµν R αβµν g=η = 0 + t αβµν δR αβµν g=η and the latter term does not vanish, in general, even for R αβµν (g) = 0. Let us denote the expression in square backets in (43) by F α µν (ψ ′ , ξ, g). In flat spacetime the gauge invariance implies (for any ψ µν , not necessarily a solution) that
Assuming that ψ µν is a solution in Minkowski space, E µν (ψ, η) = 0, one gets that ∇ α F α µν (ψ, ξ, η) = 0. Thus, the indentity (43) reduces for solutions of the fields equations, in Minkowski space, to
This relationship (not an identity) shows that the stress tensor is not gauge invariant even in flat spacetime. In other terms, the symmetry properties of the Lagrangian in Minkowski space are insufficient for determining symmetry properties of the metric stress tensor in this spacetime. To this end one must investigate the Lagrangian in a general curved spacetime and its behaviour there is relevant for the stress tensor in flat spacetime.
The gauge invariant linear massless spin-2 field was introduced by Fierz and Pauli [8] and its Lagrangian usually bears their names. Finding out an appropriate Lagrangian for this field is not straightforward and they had to use a rather indirect procedure including introducing at an intermediate stage an auxiliary unphysical field which was set to zero at the end. For our purposes it is adequate to employ the dynamical equivalence of this field to linearized General Relativity and following Aragone and Deser [10] generate a Lagrangian for it as the Lagrangian for a metric perturbation around Minkowski space. Assuming that g µν = η µν +ψ µν one expands R √ −g up to quadratic terms and then drops the interpretation of ψ µν as a metric fluctuation and views it as an independent field in Minkowski space. The resulting Lagrangian is of first order and may be unambiguously expressed in any curved background as
with ψ = g µν ψ µν . This Lagrangian appeared first in the textbook [9] and will be referred hereafter to as Wentzel Lagrangian. Actually in Minkowski space the choice of a Lagrangian for ψ µν is not unique and a number of equivalent Lagrangians exist. For example one can replace the second term in (45) by a more symmetric term ψ µν ;ν ψ µα ;α and the resulting Lagrangian L S differs from L W by a full divergence. However in a curved spacetime the two Lagrangians become inequivalent as they differ by a curvature term,
There exists also a second-order Lagrangian
is the Einstein tensor linearized around Minkowski space and then formally written down for an arbitrary background (actually, if G µν is linearized around a curved background, then there appear in the expansion additional terms depending on the background curvature). This Lagrangian is equivalent (also in a curved spacetime) to Wentzel Lagrangian,
The Lagrange equations of motion arising from L W (or equivalently from L II ) in any spacetime are
while those resulting from L S contain additional curvature terms. However, as is well known ( [3] , [10] ), the linear spin-2 field is inconsistent in a curved spacetime since both sets of field equations develop additional constraints due to the curvature. We shall assume that eqs. (49) hold only in flat spacetime. The inequivalence of L W and L S raises the problem of which Lagrangian should be used, since the stress tensors associated with these Lagrangians will be different even in flat spacetime. The inconsistency of the theory in the presence of a gravitational field shows that a proper choice does not exist. Equivalence of L W and L II points rather to L W and we shall employ Wentzel Lagrangian. Actually the problem of gauge dependence of any stress tensor is independent of the choice; in each case computations are of the same length and give the same outcome.
The metric energy-momentum tensor generated by Wentzel Lagrangian is
where 2ψ ≡ ∇ α ∇ α ψ. This covariant expression holds only in flat spacetime since in deriving it one assumes that the covariant derivatives commute. Now one can prove the gauge dependence of T W µν (ψ, η) either directly from its explicit form (50) or employing the relationship (44). The latter method is more convenient if one wishes to show (as is done in the next section) that this deficiency is not peculiar to T W µν but is a generic feature of all Lagrangians which are equivalent to L W in flat specetime.
Wentzel Lagrangian and any other Lagrangian equivalent to it is gauge invariant only in flat spacetime. In fact, writing (26) as
one finds (disregarding a divergence) for ψ
where h µν ≡ ψ µν − 1 2 g µν ψ. One notes in passing that the tensor E µν is gauge invariant in any empty spacetime (R µν = 0) [3] ,
i.e. even in backgrounds where the gauge symmetry of L W is broken. The variation δ g ∆L W evaluated in Minkowski space is different from zero, showing the gauge dependence of T W µν . The expression is extremely involved; in the special case of the solution ψ µν = 0 it is shown in eq. (59) in the next section.
Nonexistence of a gauge invariant metric stress tensor
The fact that the stress tensor T W µν depends on the gauge was known long ago [3] (actually Aragone and Deser investigated a Lagrangian different from L W , giving rise to a stress tensor different from T W µν , nevertheless the conclusion was clearly the same). More interesting is the problem whether there exists a Lagrangian L K (ψ, g), which is equivalent to L W in Minkowski space, but which generates a different, gauge-invariant stress tensor T K µν in this spacetime. We set by definition
the term K should reduce to a full divergence in flat spacetime, while in a curved one it should contain a sum of terms proportional to the Riemann tensor:
The curvature terms in K generate a nonvanishing contribution to T K µν (ψ, η), possibly making it gauge independent for an appropriate choice of the constant coefficients a 1 , . . . , a 5 . On the other hand, L K and L W give rise to the same Lagrange field equations in Minkowski space,
The expression (55) is the most general one providing a physically acceptable stress tensor. In fact, we assume that 1. T K µν should be exactly quadratic in ψ µν . Since L W and L K represent the weakfield approximation to General Relativity, the field equations should be linear and the stress tensor should be exactly quadratic in the field: the occurrence of cubic or higher terms in T K µν would be contradictory with the weak-field setup, while the occurrence of linear terms is excluded because such terms, which would not be positive definite, would be dominating in the weak-field approximation. Furthermore, the additional term K(ψ, g) is expected to cancel out the (quadratic) gauge-dependent terms in the stress tensor T W µν : if K(ψ, g) contains cubic or linear terms, they would produce new gauge-dependent terms in the stress tensor which would not be compensated by terms arising from L W .
2. T K µν should contain at most second derivatives of ψ µν . This is a physical postulate: the order of field derivatives in the energy-momentum tensor should not exceed the order of the Lagrange equations of motion.
The latter assumption implies that K should be linear in the Riemann tensor, and should not contain derivatives of the Riemann tensor itself; moreover, it should not contain derivatives of the field ψ µν multiplied by the curvature components. Otherwise, it is easy to see that the metric variation of K would necessarily produce at least third derivatives of ψ µν . Therefore, one should set K(ψ, g) = ∇ µ A µ + k αβµν R αβµν , the coefficients k αβµν being functions of the field ψ µν not depending on its derivatives. The first assumption entails that these functions should be exactly quadratic in ψ µν . Hence, we conclude that K cannot contain other terms besides those occurring in (55). We now apply the formula (44) to L K (ψ, g): for solutions of the field equations in Minkowski space, one has
One concludes that the stress tensor T K µν (ψ, η) is gauge invariant for solutions if and only if
Our aim is to show that eq. (57) cannot hold for an arbitrary vecor ξ α . Under the gauge transformation K varies by
where we introduced the abbreviations ξ µν ≡ ξ µ;ν + ξ ν;µ and ξ ≡ g µν ξ µν = 2ξ µ ;µ . If a gauge invariant T K µν exists, eq. (57) should become an identity with respect to ξ α for any solution ψ µν of E µν (ψ, η) = 0. We show that this is not the case for the solution ψ µν = 0. Even in this simple case the expression for δ g ∆K in flat spacetime is too long to be presented here. The expression for δ g ∆L W is shorter a bit and is worth exhibiting,
Then each term in eq. (57) should vanish separately, what implies that the equation decomposes into 27 linear algebraic equations for the coefficients a i . Among these, there are 10 linearly independent equations, and they clearly form and overdetermined system which admits no solution. This proves that eq. (57) cannot hold identically for an arbitrary vector field ξ α and the stress tensor T K µν cannot be gauge invariant, for any choice of the coefficients a 1 , . . . , a 5 .
The same outcome can ideed be obtained by just evaluating the difference T K µν (ψ ′ , η)− T K µν (ψ, η) for K given in (55). In this case, however, the computation is much longer.
Conclusions
We have clarified the rather surprising fact that the metric energy-momentum tensor may not possess a symmetry property of the underlying field Lagrangian. This feature, first encountered in the case of the massless linear spin-two field turns out to be a generic one, occurring whenever the symmetry transformation of the field variables depends on the spacetime metric. For such transformations the stress tensor acquires the symmetry only for solutions of the field equations. The gauge symmetries of particle physics are independent of the metric (since the gauge potentials are exterior one-forms) and this ensures that the gauge symmetry is never broken for the gauge field stress tensor, i.e. the stress tensors are gauge invariant for arbitrary field strengths, not necessarily being solutions. This is, however, peculiar to gauge fields of spin one, while for gauge fields of higher integer spin it is characteristic that their gauge transformation must involve covariant derivatives of arbitrary vector or tensor fields.
In the case of gauge fields of integer spin larger than one the issue is more subtle and particularly confusing, since it is the gauge symmetry that is the guiding principle in constructing the free-field Lagrangians, yet the corresponding metric energy-momentum tensors are gauge dependent even for solutions. The issue has been additionally obscured by the well known fact that these theories are dynamically inconsistent in the presence of gravitation, i.e. in a curved spacetime.
Employing a generic identity, which holds for the stress tensor under any field transformation, we have shown that the stress tensor acquires a symmetry in flat spacetime and for solutions only if the underlying Lagrangian has the symmetry also in a generic curved spacetime in the vicinity of Minkowski space. Since the gauge symmetry of the gauge fields of spin s ≥ 2 is broken by gravitation, its occurrence in flat spacetime is insufficient to make their stress tensors gauge invariant in this spacetime.
Besides solving the puzzle of symmetry breaking for the metric energy-momentum tensor in various field theories, our result may seem to be of rather little importance for physics since the higher-spin gauge fields are commonly believed to be unphysical due to the inconsistency. However, a gauge invariant spin-2 field is dynamically equivalent to linearized General Relativity and may be used to represent some features of gravity which are difficult to formulate in the framework of Einstein's theory. This field-theoretical approach to gravity might seem to be particularly appropriate for the issue of gravitational energy density and the work of Babak and Grishchuk [2] on the subject has been very promising. Here we have proven a no-go theorem to the effect that there is no gauge invariant (in flat spacetime) metric energy-momentum tensor which is quadratic in the field and contains derivatives of the field up to second order.
There are numerous no-go theorems in physics and most of them have been somehow circumvented. It is not unlikely that this no-go theorem will be circumvented too and an acceptable notion of gravitational energy density will be ultimately defined. However, this notion cannot be expressed in terms of the metric energy-momentum tensor in a Lagrangian field theory since in the weak-field approximation the latter cannot be gauge invariant.
To avoid any misunderstanding, we emphasize that we do not regard the fieldtheoretical approach to gravity as an alternative theory of gravitation which might in principle replace General Relativity as an adequate description of reality. If instead one views this approach as a different theory of gravity then one may claim that the "gauge" transformation actually maps one solution of field equations to another physically distinct solution. Then the energy density need not be gauge invariant and measurements of energy may be used to discriminate between two physically different solutions related by the "gauge" transformation (which should then be rather called a "symmetry transformation"). The gravitational field h µν of [2] or the spin-2 field with the Wentzel Lagrangian would then be measurable quantities rather than gauge potentials. If the transformation of these fields is not an internal gauge but corresponds to a change of physical state, this raises a difficult problem of finding out a physical interpretation of it. Clearly it is not a transformation between reference frames of any kind.
Here we adopt the opposite view that the field theory approach to gravity is merely an auxiliary procedure for constructing notions which are hard to define in the framework of General Relativity. Any notion introduced in this way should then be compatible with General Relativity or at least with its linearized version. It is commonly accepted that in the weak field limit of General Relativity the spacetime metric is measurable only in a very restricted sense: if two almost Cartesian coordinate systems are related by an infinitesimal translation x ′µ = x µ + ξ µ , then no experiment can tell the difference of their metrics while the curvature tensor has the same components in both systems. This implies that all different coordinate systems connected by this transformation actually represent the same physical reference frame and from the physical viewpoint the transformation is an internal gauge symmetry [11] . Thus, showing a mathematical equivalence of the corresponding field equations is insufficient to achieve compatibility of an approach to gravity with the linearized General Relativity. The weak field gravity should be described by a gauge potential. In consequence, any gravitational energy density should be a gauge invariant quantity. Therefore we feel that our negative result closes one line of research of gravitational energy density. This makes the quest of this notion harder than previously.
